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Recent results in d+Au and p+Pb collisions at RHIC and the LHC provide evidence for collective
expansion and flow of the created medium. We propose a control set of experiments to directly
compare particle emission patterns from p+Au, d+Au, and 3He+Au or t+Au collisions at the
same
√
sNN . Using Monte Carlo Glauber we find that a
3He or triton projectile, with a realistic
wavefunction description, induces a significant intrinsic triangular shape to the initial medium. If the
system lives long enough, this survives into a significant third order flow moment v3 even with viscous
damping. By comparing systems with one, two, and three initial hot spots, one could disentangle
the effects from the initial spatial distribution of the deposited energy and viscous damping. These
are key tools to answering the question of how small a droplet of matter is necessary to form a
quark-gluon plasma described by nearly inviscid hydrodynamics.
Nearly inviscid hydrodynamic expansion of a quark-
gluon plasma followed by hadronization has become the
standard model for relativistic collisions of heavy nuclei
at the Relativistic Heavy Ion Collider (RHIC) and the
Large Hadron Collider (LHC) [1, 2]. Fluctuations in the
nucleon positions within the incident nuclei result in an
inhomogeneous distribution of initially deposited energy,
and the influence of these spatial anisotropies survives
into final state hadron momentum distributions [3]. Mea-
surements of such flow moments, v2 for elliptic flow and
v3 for triangular flow for example, probe both the initial
anisotropies and the viscous damping effect through the
time evolution of the medium. Striking agreement be-
tween experimental data for higher order flow moments
and viscous hydrodynamic calculations with lumpy ini-
tial conditions confirm values of the shear viscosity to
entropy density η/s = 1 − 2/4pi [4, 5]. Similar values
for η/s are also found in ultracold quantum gases and
black holes, suggesting a much deeper connection of these
strongly coupled systems [6].
Recent experimental results from central d+Au and
p+Pb collisions at RHIC and the LHC, respectively, re-
veal remarkably similar “flow” patterns [7–10], contrary
to expectations of forming no quark-gluon plasma from
these small system collisions. Qualitative agreement with
the v2 and v3 results is obtained with hydrodynamics [11–
13], though alternative explanations involving glasma di-
agrams [14] and other dynamics have also been proposed.
The difference in both projectile (deuteron versus pro-
ton) and center-of-mass energy (
√
s
NN
= 200 GeV ver-
sus
√
s
NN
= 5.02 TeV) between the RHIC and LHC re-
sults provides an excellent lever arm for discriminating
between underlying physics explanations, though ambi-
guities remain.
In this paper, we propose a set of control experiments
∗ jamie.nagle@colorado.edu
that involve collisions of p+Au, d+Au, and 3He+Au or
t+Au at the same
√
s
NN
. Such a set of experiments are
available to run at RHIC with modest run lengths. We
utilize detailed calculations of the 3He and triton wave-
function for the initial distribution of nucleons within the
nuclei. We then couple these distributions with Monte
Carlo Glauber simulations to determine event-by-event
distributions of the deposited energy. Individual events
are then run through a modified version of the relativis-
tic viscous hydrodynamic transport code [15], followed
by a hadronization prescription and a hadron scattering
transport code [16]. Final distributions of v2 and v3 flow
coefficients as a function of transverse momentum are
calculated and compared between the colliding systems
and with different input parameters, including η/s.
As input to the Monte Carlo Glauber calculation [17],
we require a realistic distribution of the nucleons within
the nuclei of interest. For the Au nucleus, the nucleons
are distributed following a standard Woods-Saxon distri-
bution with radius and skin thickness parameters 6.42 fm
and 0.44 fm [18]. A hard-core repulsive potential is imple-
mented as an exclusion radius of 0.4 fm between nucleons.
For the d+Au collision case, the deuteron is modeled via
the Hulthen wavefunction (cf. Ref. [19]). In the case of
3He and triton projectiles, the three-body dynamics are
important to capture as we need to model the distribu-
tion of the three hot spots created in collisions with Au
nuclei. The 3He and triton samples come from Green’s
function Monte Carlo calculations using the AV18 + UIX
model interaction [20]. These calculations correctly re-
produce the measured charge radii and form factors of
these nuclei. The relative distribution of proton pairs in
3He also reproduces measurements of inclusive longitu-
dinal electron scattering. In practice, we use a database
of 10,000 3He configurations which correctly sample the
position of the three nucleons, including correlations.
We model collisions at
√
s
NN
= 200 GeV with a
nucleon-nucleon inelastic cross section of 42 mb and col-
ar
X
iv
:1
31
2.
45
65
v2
  [
nu
cl-
th]
  2
7 J
un
 20
14
2Impact Parameter (fm)0 2 4 6 8 10 12
2ε
0
0.1
0.2
0.3
0.4
0.5
0.6
Glauber MC Spatial Dist.
=0.4 fm)σ Gaus. Smear 
part
p+Au (N
=0.4 fm)σ Gaus. Smear 
part
d+Au (N
=0.4 fm)σ Gaus. Smear 
part
t+Au (N
=0.4 fm)σ Gaus. Smear 
part
+Au (N3He
=0.7 fmσLines = Gaus. Smear with 
a)
Impact Parameter (fm)0 2 4 6 8 10 12
3ε
0
0.1
0.2
b)
FIG. 1. (Color online) Monte Carlo Glauber results for the
spatial anisotropies ε2 (panel a) and ε3 (panel b) in p+Au,
d+Au, 3He+Au, and t+Au collisions at
√
sNN = 200 GeV
as a function of impact parameter. The points are calculated
with a Gaussian smearing with σ = 0.4 fm for the energy
distribution from each participating nucleon. The lines are
the results for central events with a larger Gaussian smearing
with σ = 0.7 fm.
lisions at
√
s
NN
= 5.02 TeV with a nucleon-nucleon in-
elastic cross section of 70 mb. For each individual event,
to map the positions of the participating nucleons (those
with at least one inelastic collision in the event) to a dis-
tribution of energy deposited in the transverse plane, we
assume that each participant contributes an equal energy
with a distribution that is Gaussian around its center
point with σ = 0.4 fm, to match the RMS radius of the
nucleon. There is an overall scale factor to convert these
distributions to energy density, and this is determined
by requiring our model to give multiplicities consistent
with data in 0-5% d+Au collisions at
√
s
NN
= 200 GeV
and 0-5% p+Pb collisions at
√
s
NN
= 5.02 TeV [21], re-
spectively. For fixed
√
s
NN
, the same factor is used for
our 3He+Au, d+Au and p+Au simulations because these
systems are comparable in size and we have checked that
viscous heating only changes the multiplicity by less than
11 percent for η/s < 2/4pi.
We have generated a million collision geometries for
each case, p+Au, d+Au, 3He+Au, and t+Au, and cal-
culated the spatial anisotropy of the initial energy distri-
bution using the following equation [3]:
εn =
√
〈r2 cos(nφpart)〉2 + 〈r2 sin(nφpart)〉2
〈r2〉 (1)
where n is the nth moment of the spatial anisotropy cal-
culated relative to the mean position. These distribu-
tions are calculated with respect to the axis associated
with the nth moment as defined by:
ψn =
arctan(
〈
r2 sin(nφpart)
〉
,
〈
r2 cos(nφpart)
〉
) + pi
n
.
(2)
Figure 1 shows the ε2 (elliptical) and ε3 (triangular)
event-averaged values as a function of impact parameter.
For central events, small impact parameter, the ε2 values
are significantly larger for d+Au as compared with p+Au
since the deuteron typically creates two hot spots in the
interaction creating a dumbbell shaped energy distribu-
tion. The initial triangularity ε3 is largest in the
3He+Au
and t+Au system. It is notable that the p+Au and d+Au
central collisions induce the same ε3 since they result only
from fluctuations in contrast to the intrinsic triangularity
in the 3He+Au and t+Au cases. In all cases the differ-
ences between t+Au and 3He+Au are negligible and we
will only refer to 3He+Au for the remainder of the paper.
The lines indicate the change in the spatial anisotropies
if the Gaussian smearing for each participant is increased
to σ = 0.7 fm. This has the largest impact on the p+Au
case as expected since it has the smallest initial spatial
scale.
We then run individual event initial conditions start-
ing at a time τ = 0.5 fm/c through the well-tested
boost-invariant relativistic viscous hydrodynamic evolu-
tion vh2 [15], modified by smearing the local energy
density if it drops below one percent of the maximum
value encountered at any particular instant in time.
This smearing effectively avoids instabilities generated by
the strong gradients present when simulating small non-
homogeneous systems, while at the same time affecting
bulk observables only on the per-mille level.
The results from an example 3He+Au event are shown
in Figure 2. The first panel shows the temperature pro-
file, converted from energy density using a realistic QCD
equation of state [15], as generated from the above de-
scribed Monte Carlo Glauber. This event has all three
nucleons from the 3He nucleus striking the Au nucleus,
thereby creating three hot spots. In this event, the tri-
angular initial spatial distribution transforms into an in-
verted triangular distribution with maximal fluid velocity
fields along the long axes of the final triangular shape.
We have run thousands of individual events for p+Au,
d+Au, and 3He+Au with different values for the shear
viscosity and the initial spatial distribution smearing.
The final freeze-out hyper-surface of each event is then
translated into a distribution of hadrons via the Cooper-
Frye freeze-out prescription [22]. In Figure 3, we com-
pare the flow coefficients from the different systems and
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FIG. 2. (Color online) An example time evolution of a 3He+Au event from the initial state to final state. The color scale
indicates the local temperature and the arrows are proportional to the velocity of the fluid cell from which the arrow originates.
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FIG. 3. (Color online) vn/εn versus εn with the flow co-
efficient for pions evaluated at pT = 1.0 GeV/c from p+Au,
d+Au, and 3He+Au central (b < 2 fm) events. The results
are with input parameters η/s = 1/4pi and initial Gaussian
smearing σ = 0.4 fm and freeze-out temperatures of TF = 150
MeV (left) and TF = 170 MeV (right), respectively.
the scaling between initial spatial εn moments and final
state momentum vn values. Figure 3 shows the pion vn at
pT = 1.0 GeV/c divided by εn as a function of εn for each
individual p+Au, d+Au, and 3He+Au event, for different
freezeout temperatures TF controlling the lifetime of the
system in the plasma phase. The upper panels for n = 2
shows a reasonably common scaling of v2/ε2 for all three
systems with the d+Au and 3He+Au simply extending
to larger eccentricities with only a modest dependence
on TF . There are a small set of events with very large
ε2, but then rather small final v2. Examination of these
events reveals them to be d+Au events where the two
hot spots are so far apart that the hydrodynamic fluids
never connect during the time evolution, and thus there
is almost no elliptic flow. There are a few 3He+Au in
this category where two nucleons are very close and the
third is quite far away, again having the same effect.
The lower panels for the n = 3 case have lower values
for v3/ε3 compared to v2/ε2 as expected from larger vis-
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FIG. 4. (Color online) Pion momentum anisotropies v2 and
v3 as a function of transverse momentum from individual
p+Au, d+Au, and 3He+Au central (b < 2 fm) events (full
lines) Dashed lines are the event-averaged values.
cous damping of higher moments. There is significantly
more spread of the individual events, though an overall
scaling is still observed. Even more dramatic is the de-
pendence of v3/ε3 on TF . Increasing TF from 150 MeV to
170 MeV considerably shortens the hydrodynamic evolu-
tion time and results in a strong reduction of v3/ε3 for
all systems.
To reduce the dependence on TF , we have chosen to
perform a standard Cooper-Frye freezeout at T = 170
MeV, followed by a hadronic cascade including resonance
feed-down corrections [16]. Figure 4 shows the results
for the pion momentum anisotropies v2 and v3 from 400
p+Au, 400 d+Au, and 400 3He+Au central (b < 2 fm)
events run with η/s = 1/4pi and initial Gaussian smear-
ing σ = 0.4 fm and 10,000 cascade events for each of
these hydrodynamics runs. There are substantial event-
to-event differences, and the dashed lines indicate the
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FIG. 5. (Color online) (a) pion and proton v2 versus pT for d+Au and
3He+Au central (b < 2 fm) events at RHIC energies
using hydrodynamics for η/s = 1/(4pi) in comparison to data for 0-5% central d+Au data from PHENIX [23]. (b) pion v3
versus pT for
3He+Au central (b < 2 fm) events at RHIC energies using viscous hydrodynamics for η/s = 0.2, 1, 2 over 4pi as
well as result of different smearing parameter σ. (c) pion v3 versus pT for p+Pb and
3He+Au central (b < 2 fm) events at LHC
energies using viscous hydrodynamics for η/s = 1/(4pi) in comparison to data for 0.5-2.5% central p+Pb data from CMS [24].
event averaged values. The d+Au event averaged v2 re-
sults are in agreement with the published experimental
values [7] (cf.Figure 5(a)). The v2 values are larger in
d+Au and 3He+Au compared with p+Au, and the v3
values are largest for 3He+Au as one might expect from
the initial spatial anisotropies. For example, 3He+Au v3
at pT=1 GeV exceeds that from d+Au and p+Au by at
least 50 percent. However, we find that at energies of√
s
NN
=200 GeV, the system stays within the plasma
phase only for 2-3 fm/c. While the effect on this short
system lifetime on elliptic flow v2 is seemingly rather mi-
nor, we find that there is not sufficient time to convert the
initial triangularity into flow, resulting in a small overall
magnitude of the triangular flow v3.
Next we calculate the pion v3 as a function of trans-
verse momentum with viscosity η/s = 0.2/4pi, η/s =
1/4pi and η/s = 2/4pi. These results are shown for
3He+Au in Figure 5(b), where the increases in viscos-
ity have a dramatic effect in decreasing the v3 flow co-
efficients. It has been previously observed that an am-
biguity exists between a more diffuse initial energy den-
sity (thereby reducing the εn values) and a larger vis-
cous damping (thereby reducing the translation of εn into
vn) [25]. This issue is significant for the smallest colliding
systems, as well as ambiguities from sub-nucleonic fluc-
tuations in calculating the initial energy density distribu-
tion [13]. For d+Au collisions, these differences are high-
lighted in the εn values tabulated with different initial
geometry smearing assumptions in Table I of Ref. [19]. It
is notable that the initial condition for starting hydrody-
namics at time τ = 0.5 fm/c depends not only on the ini-
tial energy deposition itself, but also any pre-equilibrium
dynamics during that first half fm/c.
One may posit that the geometric distribution from
each participating nucleon or between participant pairs
should be the same in p+Au, d+Au and 3He+Au at
the same
√
s
NN
. We thus repeat the above calculation
with viscous hydrodynamics η/s = 1/4pi and doubling
the Gaussian smearing to σ = 0.7 fm. The change for
central events, again defined as impact parameter b < 2
fm, on the initial ε2 and ε3 mean values is shown in
Figure 1. The results of this calculation on the pion
momentum anisotropies are shown as the orange points
in Figure 5(b). In the case of 3He+Au, comparing
η/s = 1/(4pi), σ = 0.7 fm and η/s = 2/(4pi), σ = 0.4
fm, we find that there is almost complete ambiguity in
the case of pion v2 and v3, but there are strong differences
for p+Au and d+Au (e.g. v2 at pT=2 GeV changes by
60 percent for p+Au). Thus, the simultaneous measure-
ment of the flow coefficients in all three colliding systems
not only provides key tests of the different explanations
of these phenomena, but also a powerful methodology for
discriminating different contributions to the final experi-
mental observed anisotropies. Finally, we point out that
increasing
√
s
NN
would result in a longer system lifetime
and hence a more pronounced build-up of v3. For the
case of LHC energies, we find our v3 results for p+Pb
in agreement with published results by CMS and would
predict a distinctively higher v3 for
3He+Pb collisions at√
s
NN
=5.02 TeV (cf. Figure 5(c)).
In summary, we propose a novel set of measurements to
control the geometry in small colliding systems by utiliz-
ing p+Au, d+Au and 3He+Au collisions. In particular,
the 3He+Au geometry provides an intrinsic triangularity.
The combination of measurements of different order flow
moments in the different geometries will provide strin-
gent discrimination between effects from the initial state
energy deposition and pre-equilibrium dynamics and the
longer time scale viscous damping during the hydrody-
namic phase.
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